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Devwudfw
Zh lqyhvwljdwh d fodvv ri hvwlpdwruv iru olqhdu uhjuhvvlrq prghov zkhuh wkh ghshqghqw yduldeoh
lv vxemhfw wr elg0dvn fhqvrulqj1 Rxu hvwlpdwlrq phwkrg lv edvhg rq d gh?qlwlrq ri huuru wkdw
lv }hur zkhq wkh suhglfwru olhv ehwzhhq wkh dfwxdo elg sulfh dqg dvn sulfh/ dqg olqhdu rxwvlgh
wklv udqjh1 Rxu hvwlpdwru plqlpl}hv d vxp ri vxfk vtxduhg huuruv> lw lv qrqolqhdu/ dqg lqghhg
wkh fulwhulrq ixqfwlrq lwvhoi lv qrq0vprrwk1 Zh hvwdeolvk lwv dv|pswrwlf surshuwlhv xvlqj wkh





zkhuh .Eüðm%ðä ' f zlwk suredelolw| rqh1 Zh revhuyh %ð exw qhyhu revhuyh +ð( lqvwhdg/ zh revhuyh dq




ð é +ð é +Lð c l1h1/ zh revhuyh d vdpsoh i%ðc +uð c +Lð j?ð' dqg zlvk wr
hvwlpdwh q iurp wklv gdwd1 Wklv vruw ri vdpsolqj vfkhph dulvhv vrphwlphv zlwk ?qdqfldo gdwd zkhuh
rqo| elg dqg dvn sulfh txrwhv duh dydlodeoh/ vhh iru h{dpsoh Olqwrq/ Pdpphq/ Qlhovhq/ dqg Wdqjjddug
+5333, dqg Fdpsehoo/ Or dqg PdfNlqod| +4<<:,1 Lw lv hdv| wr vhh wkdw q fdqqrw eh lghqwl?hg zlwkrxw
dgglwlrqdo vwuxfwxuh1 Zh lqwurgxfh dq dgglwlrqdo vwuxfwxuh wkdw hqvxuhv lghqwl?delolw| dqg |hw lv
úWklv uhvhdufk zdv vxssruwhg e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq1
|Ghsduwphqw ri Hfrqrplfv/ Orqgrq Vfkrro ri Hfrqrplfv/ Krxjkwrq Vwuhhw/ Orqgrq ZF5D 5DH/ Xqlwhg Nlqjgrp1
Who1 353: <880:;97> Id{1 353: ;6484;73> H0pdlo dgguhvv= olqwrqrCovh1df1xn
4
vrphzkdw sodxvleoh1 Vshfl?fdoo|/ zh vxssrvh wkdw
+uð ' +ð ý #ð
+Lð ' +ð n #2ðc
zkhuh #ðc #2ð duh pxwxdoo| lqghshqghqw uhdol}dwlrqv iurp wkh vdph glvwulexwlrq rq dfc4äé Wkh uhdo0
l}dwlrqv ri #ðc #2ð fdq eh txlwh gl>huhqw vr wkdw wkh vsuhdg +
L
ð ý +uð ' #2ð ý #ð fdq wdnh d elj udqjh
ri ydoxhv1 Zh glvfxvv hvwlpdwlrq ri q lq wklv prgho1






dqg wr uhjuhvv +Wð rq %ðé Ehfdxvh #ðc #2ð frph iurp wkh vdph glvwulexwlrq wklv surylghv frqvlvwhqw
hvwlpdwhv ri qc vlqfh
+Wð ' q
â%ð n 0ðc
zkhuh 0ð ' üð n E#2ð ý #ðä*2 lv phdq }hur jlyhq %ðé Wklv lv wuxh hyhq li wkh glvwulexwlrq ri #ðc #2ð
ghshqgv rq %ð vlqfh wkh| fdqfho hdfk rwkhu rxw1 Wkhuhiruh/ wkh ROV hvwlpdwru lv frqvlvwhqw dqg
dv|pswrwlfdoo| qrupdo1
D qxpehu ri dxwkruv kdyh sursrvhg wr fdofxodwh uhvlgxdov lq rxu prgho wr eh }hur zkhq wkh
suhglfwhg ydoxh olhv lqvlgh wkh revhuyhg vsuhdg/ dqg wr eh wkh ghyldwlrq iurp wkh forvhvw ri +uð c +
L
ð
rwkhuzlvh/ vhh iru h{dpsoh Eolvv +4<<:,1 Wkdw lv/ gh?qh wkh uhvlgxdo wr eh
e"ð '
;AA?AA=
+uð ý e+ð li +uð è e+ð
+Lð ý e+ð li +Lð é e+ð
f hovh1
+4,
Wklv zd| ri fdofxodwlqj uhvlgxdov gl>huv iurp wkh cplg0srlqw* edvhg dssurdfk uhihuuhg wr deryh lq
zklfk e"ð ' +Wð ý e+ðé Wkh gh?qlwlrq +4, vhhpv zhoo mxvwl?hg ehfdxvh wkh dfwxdo ydoxh ri +ð fdq olh
dq|zkhuh lq wkh lqwhuydo d+uð c +
L
ð o dqg vr suhglfwhg ydoxhv wkdw olh lqvlgh wklv udqjh vkrxog eh wdnhq
dv sodxvleoh ydoxhv1 Zlwk wklv gh?qlwlrq ri huuru/ zh fdq wdnh dv phdvxuh ri ?w wkh vxp ri vtxduhg
huuruv
S
ðe"2ð é Eolvv +4<<:, xvhv wklv fulwhulrq wr phdvxuh wkh shuirupdqfh ri ydulrxv phwkrgv ri ?wwlqj
wkh whup vwuxfwxuh iurp elg dqg dvn txrwhv ri frxsrq erqg sulfhv1 Zh xvh wklv qrwlrq ri huuru wr
jhqhudwh dq hvwlpdwru ri qé Zh hvwdeolvk wkh frqvlvwhqf| dqg dv|pswrwlf qrupdolw| ri rxu hvwlpdwru
dqg pdnh d frpsdulvrq ehwzhhq lw dqg wkh ROV hvwlpdwru1 Zh gudz khdylo| rq uhvxowv ri Sdnhv dqg
Sroodug +4<;<,1
Zh xvh wkh qrwdwlrq nøn ' s|hEøâøä iru dq| uhdo pdwul{ øc dqg ohw b4ð?Eøääc b4@ Eøä ghqrwh
wkh vpdoohvw dqg odujhvw hljhqydoxhv ri d uhdo v|pphwulf pdwul{ øéZh dovr ohw Eîä eh wkh lqglfdwru
ixqfwlrq ri wkh hyhqw îé
5
5 Wkh Hvwlpdwru






e"2ð Eqä ' ?
?[
ð'
E+uð ý e+ðEqää2E+uð è e+ðEqää n ?
?[
ð'
E+Lð ý e+ðEqää2E+Lð é e+ðEqääc
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zkhuh î lv vrph jlyhq frpsdfw vhw1 Zh vkdoo dvvxph wkurxjkrxw wkdw vxfk d vhtxhqfh h{lvwv hyhq
wkrxjk C? lv qrw frqwlqxrxv hyhu|zkhuh1 Wklv lv jhqhudoo| uhdvrqdeoh 0 mxvw olnh wkh vwdqgdug ODG
hvwlpdwru rqh ?qgv pxowlsoh vroxwlrqv wr +5, dqg vrph vlpsoh uxoh olnh wdnh wkh phdq ri wkh vhw ri
vroxwlrqv hqvxuhv xqltxhqhvv1 Wkh glvfrqwlqxlwlhv glvdsshdu udslgo| dv vdpsoh vl}h lqfuhdvhv1 Lq kljk
glphqvlrqv/ lw lv qhfhvvdu| wr xvh vrph lwhudwlyh phwkrg olnh Qhoghu0Phdg wr ?qg wkh vroxwlrq wr
+5,> lq wklv fdvh/ jrrg vwduwlqj ydoxhv pd|eh surylghg e| wkh ROV hvwlpdwru ri +Wð rq %ðé Lq wkh qh{w
vhfwlrq zh glvfxvv wkh dv|pswrwlf surshuwlhv ri eqé
6 Dv|pswrwlf Surshuwlhv
Zh pdnh wkh iroorzlqj dvvxpswlrqv1
D41 E%ðc üðc #ðc #2ðä duh l1l1g1/ pxwxdoo| lqghshqghqw/ dqg kdyh d glvwulexwlrq wkdw lv devroxwho|
frqwlqxrxv zlwk uhvshfw wr Ohehvjxh phdvxuh1 Ghqrwh e| sf c süc s# wkh fruuhvsrqglqj pdujlqdo
ghqvlwlhv/ dqg 8f c 8üc 8# wkh f1g1i1*v1
D51 Zh vxssrvh wkdw üð lv v|pphwulf derxw }hur zlwk vxssruw frqwdlqhg lq Uc zkloh #æð kdv vxssruw
frqwdlqhg lq dfc4ä1 Wkh vxssruwv ri üð dqg #æð kdyh dq lqwhuvhfwlrq wkdw kdv srvlwlyh Ohehvjxh
phdvxuh1
D61 Wkh ghqvlw| ixqfwlrq sü lv frqwlqxrxvo| gl>huhqwldeoh dqg s âüEüä $ f dv ü dssurdfkhv wkh
erxqgdu| ri lwv vxssruw1
D71 j2ü ' .Eü
2
ð ä ÷4c .E#2ðä ÷4c dqg f ÷ b4ð?E.E%ð%âðää é b4@ E.E%ð%âðää ÷4é Ohw ># ' .E#æðä
dqg j2# ' ñ@hE#æðäé
6
D81 Wkh wuxh sdudphwhu qf olhv lq wkh lqwhulru ri wkh frpsdfw sdudphwhu vhw îé
Uhpdunv
41 Lq dvvxpswlrq D5 zh duh uxolqj rxw wkh srvvlelolw| wkdw +uð é q âf%ð é +Lð zlwk suredelolw|
rqh1 Wklv pljkw rffxu li iru h{dpsoh wkh vxssruw ri #ð zdv dc 2o zkloh wkh vxssruw ri üð zdv dýc o
ehfdxvh wkhq üð ý #ð ÷ f zlwk suredelolw| rqh dqg vr +uð ÷ qâf%ð dozd|v1 Wkhuh zloo dovr wkhuhiruh
h{lvw vrph rwkhu q forvh wr qf iru zklfk wklv lv wuxh/ dqg zklfk lv frqvhtxhqwldoo| lqglvwlqjxlvkdeoh
iurp wkh wuxh rqh1 Lq sudfwlfh/ wklv lv qrw olnho| wr eh dq rqhurxv uhvwulfwlrq vlqfh lw vhhpv sodxvleoh
wkdw wkh vsuhdg qrw eh dozd|v pxfk juhdwhu wkdq wkh sulflqj huuru1
51 Wkh dvvxpswlrqv fdq eh zhdnhqhg lq ydulrxv gluhfwlrqv1 Vshfl?fdoo|/ zh fdq doorz wkh huuru
glvwulexwlrqv wr ghshqg rq %ðc surylghg üðm%ð lv v|pphwulf derxw }hur/ exw dw wkh frvw ri d pruh
frpsolfdwhg olplwlqj yduldqfh1 Lw lv srvvleoh wr doorz vrph/ exw qrw doo/ yduldeohv lq %ð wr eh glvfuhwh1
Lq vrph dssolfdwlrqv lw pd| eh wrr vwurqj wr uhtxluh wkh gdwd wr eh lqghshqghqw ryhu wlph1 Wklv
dvvxpswlrq fdq dovr eh zhdnhqhg1
61 Wkh dvvxpswlrq wkdw üð lv v|pphwulf derxw }hur lv txlwh vwurqj dqg lv qrw uhtxluhg e| wkh
ROV hvwlpdwru1
Wkh iroorzlqj uhvxow lv suryhq lq wkh dsshqgl{1
Wkhruhp1 Vxssrvh wkdw dvvxpswlrqv D40D8 krog1 Wkhq/
s























3 .dñ2ð Eñð è fäo
2 EèhEñð è fää2
c
zkhuh ñð ' üðý #ðé E| rxu dvvxpswlrq D5/ wkhuh h{lvwv vrph vhw ri srvlwlyh ydoxhv wkdw erwk üð dqg
#ð fdq wdnh dqg vr èhdüð è #ðo : fc zklfk jxdudqwhhv wkdw l lv ?qlwh1
















ð è e+ðEeqää n E+Lð é e+ðEeqäoc
zkhuh e"ðEeqä zdv gh?qhg lq +4,1
7
61 Zh fdq xvh wkh vxp ri vtxduhg uhvlgxdov wr phdvxuh wkh ?w ri wkh prgho dqg dovr wr whvw
k|srwkhvhv derxw qé
71 Lw lv vwudljkwiruzdug wr h{whqg rxu dqdo|vlv wr qrqolqhdu uhjuhvvlrq ixqfwlrqv/ lqvwuxphqwdo
yduldeohv/ dqg wr ODG fulwhulrq ixqfwlrqv1
7 Frpsdulvrq zlwk ROV









Vr wkh txhvwlrq lv zkhwkhu
.dñ2ð Eñð è fäo
EèhEñð è fää2
÷:' 2j2ü n j
2
#é
Khuh/ ñð lv d udqgrp yduldeoh zlwk phdq ý># ÷ f dqg yduldqfh j2ñ ' j2ü n j2#é Zh frpsduh wkh
wzr hvwlpdwruv lq d vshfldo fdvh zkhuh üð lv vwdqgdug qrupdo dqg #æð duh xqlirup rq dfc @o iru vrph
sdudphwhu @é Zkhq @ ' f wkh wzr hvwlpdwruv duh dfwxdoo| wkh vdph dqg ri frxuvh kdyh wkh vdph
yduldqfh1 Wkh uhodwlyh h!flhqf| ri wkh wzr surfhgxuhv dv d ixqfwlrq ri @ lv vkrzq lq ?jxuh 41 Lw lv
qrq0prqrwrqlf lq @= ?uvw/ dv @ lqfuhdvhv wkh ROV hvwlpdwru lv pruh h!flhqw/ exw wklv lqfuhdvh shdnv
dw dssur{lpdwho| @ ' S ^dw zklfk srlqw ROV kdv voljkwo| ohvv wkdq kdoi wkh yduldqfh ri eqoc dqg wkhq
ghfuhdvhv wr wkh h{whqw wkdw zkhq @ : 2f wkh ROV hvwlpdwru kdv odujhu yduldqfh1 Wkhuhdiwhu/ wkh
lqh!flhqf| ri ROV jhwv zruvhu dqg zruvhu1 Ri frxuvh/ wklv lv uh hfwlqj wkh idfw wkdw wkh frpsrvlwh
huuru whup lq wkh +W uhjuhvvlrq lv ehfrplqj ohvv dqg ohvv qrupdo/ vr wkh lqh!flhqf| ri ROV vkrxog eh
qr vxusulvh1
8 Frqfoxglqj Uhpdunv
Zh forvh zlwk vrph frpphqwv dqg vxjjhvwlrqv iru ixwxuh zrun1 Wklv hvwlpdwru vhhpv wr eh hplqhqwo|
sodxvleoh/ dqg vr lw lv d elw ri d vxusulvh wkdw lw uhtxluhv vwurqjhu frqglwlrqv wkdq plg0srlqw ROV
wr hqvxuh frqvlvwhqf|1 Lw zrxog eh ri lqwhuhvw wr ?qg vdpsolqj vfkhphv lq zklfk wkh plg0srlqw
ROV hvwlpdwru lv lqfrqvlvwhqw/ zkloh rxu hvwlpdwru lv frqvlvwhqw1 Wklv pljkw lqyroyh orrnlqj dw ODG
yhuvlrqv ri rxu surfhgxuh ^zklfk lv zhoo0mxvwl?hg lq dq| fdvh`1 Khwhurvnhgdvwlflw| dqg dv|pphwu| ri
wkh huuru whupv duh wr eh h{shfwhg dv zhoo dv ghshqghqfh ri wkh vsuhdg rq wkh fryduldwhv lv wr eh
h{shfwhg/ dqg dq| uhsxwdeoh hvwlpdwru vkrxog eh deoh wr ghdo zlwk vxfk wklqjv1
8
D Dsshqgl{= Surri ri Wkhruhp
Wkh surri lv edvhg rq yhuli|lqj wkh frqglwlrqv ri Wkhruhpv 6140616 ri Sdnhv dqg Sroodug +4<;<,1
Surri ri Frqvlvwhqf|1 Iru hdfk q gh?qh wkh l1l1g1 udqgrp yduldeohv
ñðEqä ' üð ý #ð n %âðEqf ý qä dqg çðEqä ' üð n #2ð n %âðEqf ý qäé
Wkhq/ e| wkh odz ri lwhudwhg h{shfwdwlrq
CEqä ' .dC?Eqäo ' ý. d%ðñðEqäEñðEqä è fäoý . d%ðçðEqäEçðEqä é fäo
' ý. d%ð.dñðEqäEñðEqä è fäm%ðooý. d%ð.dçðEqäEçðEqä é fäm%ðoo é
Lq wkh vshfldo fdvh wkdw q ' qfc ñð ' ñðEqfä ' üð ý #ð dqg çð ' çðEqfä ' üð n #2ðc dqg
CEqfä ' ý.E%ðä. dñðEñð è fäoý .E%ðä. dçðEçð é fäo é









E| dvvxpswlrq D5/ sñEñä : f iru vrph qrq wulyldo vxevhw ri dfc4ä dqg sçEçä : f iru vrph qrq
wulyldo vxevhw ri Eý4c foé Wkhuhiruh/ vlqfh sü lv v|pphwulf derxw }hur











































e| Ixelql*v wkhruhp dqg d fkdqjh ri yduldeohv ç :$ ýçé Wkxv/ zh kdyh vkrzq wkdw CEqfä ' fé Zh
qrz wxuq wr wkh pruh jhqhudo q fdvh1 E| rxu dvvxpswlrq D4 wkh frqglwlrqdo ghqvlwlhv ri ñðEqä dqg

































%ñdsüEñ n # n %
âEqf ý qääý süEñ n # ý %âEqf ý qääos#E#äsfE%ä_#_ñ_%
e| wkh vdph fkdqjh ri yduldeohv dqg v|pphwu| dujxphqw1 Zh pxvw vkrz wkdw iru doo 0 : f wkhuh
h{lvwv B : f vxfk wkdw ð?u8q3qf8:0 nCEqän : Bé Wklv lv jxdudqwhhg e| rxu dvvxpswlrq D5 ehfdxvh
wklv lpsolhv wkdw wkhuh h{lvwv d vhw ri srvlwlyh suredelolw| vxfk wkdw wkh whup lq vtxduh eudfnhwv lv




ñdsüEñ n # n %










âEqf ý qääý 8ñEñ ý %âEqf ý qääo_ñ
zkhuh 8ñ lv wkh f1g1i1 ri sñc ehfdxvh
dñd8ñEñ n %
âEqf ý qääý 8ñEñ ý %âEqf ý qääoo"f ' f













%%âEqf ý qäsfE%äsñEñ n BE%âEqf ý qäää_ñ_%
:
iru vrph BE%âEqfýqää o|lqj ehwzhhq n%âEqfýqä dqg ý%âEqfýqäé E| erxqglqj sñEñnBE%âEqfýqäää
dzd| iurp }hur rq d qrq0wulyldo vhw xvlqj dvvxpswlrq D5 zh fdq qrz zulwh mmCEqämm è ämmqfýqmm iru
vrph srvlwlyh frqvwdqw ä e| wkh zhoo nqrzq pdwul{ lqhtxdolw| nî%n è än%n iru ixoo udqn îé







zkhuh 4E5ðc qä ' ýiñðEqäEñðEqä è fä n çðEqäEçðEqä é fäj dqg 5ð ' E%ðc +uð c +Lð äé E| D4 dqg D7/
C?Eqä vdwlv?hv d zhdn odz ri odujh qxpehuv1 E| vwdqgdug uhvxowv rq lqglfdwru ixqfwlrqv zlwk olqhdu
lqgh{hv lqvlgh ^vhh Sdnhv dqg Sroodug +4<;<, dqg Vkhupdq +4<<6,`/ wklv frqyhujhqfh fdq eh pdgh
xqlirup ryhu frpsdfwv/ wkxv
týT
qMî
nC?EqäýCEqän Rý$ fé +6,
Frpelqlqj wklv zlwk wkh lghqwl?fdwlrq uhvxow jlyhq deryh jlyhv frqvlvwhqf|1
Surri ri Dv|pswrwlf Qrupdolw|1 Zh pxvw vkrz wkdw= +l,
s
?C?Eqfä lv dv|pswrwlfdoo|














2oc vlqfh 4E5ðc qfä lv lqghshqghqw ri %ð dqg phdq }hur1 Zh kdyh
.d4E5ðc qfä







ehfdxvh wkh wzr vtxduh whupv duh wkh vdph dqg wkh furvv0surgxfw lv }hur/ dv zh qrz vkrz1 Iluvw/
qrwh wkdw ñð dqg ýçð kdyh wkh vdph pdujlqdo glvwulexwlrq
ýEüð ý #ðä ' ýüð n #ð _' üð n #2ð
e| yluwxh ri wkh v|pphwu| ri üð dqg wkh frpprq glvwulexwlrq ri #ðc #2ðé Vhfrqg/ vlqfh ñð lv lqghshqghqw
ri çð jlyhq üð zh kdyh e| wkh odz ri lwhudwhg h{shfwdwlrq
.dñðçðEñð è fäEçð é fäo ' . d.dñðEñð è fämüðo.dçðEçð é fämüðoo é
Wkhq/ qrwh wkdw





zklfk lv qrq0}hur li dqg rqo| li ü : fé Olnhzlvh/




lv qrq0}hur li dqg rqo| li ü ÷ fé Wkhuhiruh hlwkhu rqh ri wkhvh whupv duh }hur vr wkdw .dñðçðEñð è
fäEçð é fäo ' f dv uhtxluhg1 Wklv frqfoxghv wkh surri ri +l,1



























ehfdxvh e| lqwhjudwlrq e| sduwv] "
f










Lw iroorzv wkdw YCEqfä*Yq lv qrq0vlqjxodu ehfdxvh zh dvvxphg wkdw .E%ð%
â




süEñ n #äs#E#ä_ñ : fé




ððs?dC?EqäýCEqäoýs?dC?EqfäýCEqfäoðð ' JREäé +7,
Wklv frqglwlrq lv vdwlv?hg xqghu rxu frqglwlrqv ehfdxvh ri wkh vwuxfwxuh ri C?é Vhh Sdnhv dqg Sroodug
+4<;<, dqg Vkhupdq +4<<6, iru ixuwkhu glvfxvvlrq1
Ilqdoo|/ zh kdyh e| wkh dujxphqwv ri Sdnhv dqg Sroodug ^zklfk pdnh xvh ri D8` wkdw
s







?Eeq ý qä lv dv|pswrwlfdoo| qrupdo zlwk wkh vwdwhg yduldqfh1
Uhihuhqfhv
^4` Eolvv/ U1 +4<<:,1 Whvwlqj whup vwuxfwxuh hvwlpdwlrq phwkrgv1 Dgydqfhv lq Ixwxuhv dqg Rswlrqv
Uhvhdufk </ 4<:05641
<
^5` Fdpsehoo/ M1\1/ D1 Or/ dqg F1 PdfNlqod| +4<<:,1 Wkh Hfrqrphwulfv ri Ilqdqfldo Pdunhwv1
Sulqfhwrq Xqlyhuvlw| Suhvv> Sulqfhwrq/ Qhz Mhuvh|1
^6` Olqwrq/ R1/ H1 Pdpphq/ M1S1 Qlhovhq/ dqg F1 Wdqjjddug +5333,1 Hvwlpdwlqj \lhog fxuyhv
e| Nhuqho Vprrwklqj1 Iruwkfrplqj lq Wkh Mrxuqdo ri Hfrqrphwulfv1
^7` Sdnhv/ D1/ dqg G1 Sroodug +4<;<,1 Vlpxodwlrq dqg wkh dv|pswrwlfv ri rswlpl}dwlrq hvwlpdwruv1
Hfrqrphwulfd 8:/ 435:0438:1
^8` Vkhupdq/ U1S1 +4<<6,1 Wkh olplwlqj glvwulexwlrq ri wkh pd{lpxp udqn fruuhodwlrq hvwlpdwru1
Hfrqrphwulfd 94/ 456046;1
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